
N O N L I N E A R  I N T E R A C T I O N S  O F  L A N G M U I R  W A V E S  

IN A W E A K L Y  I N H O M O G E N E O U S  P L A S M A  

B. V.  L u n d i n  UDC533,9 

Kinetic equations for the scattering of the waves of the one-dimenslonal spectrum by plasma 
particles are obtained for a weakly inhomogeneous plasma. The equation for the evolution 
of the spectrum of the short waves [k 2 > (me/mi) De -2] trapped in the inhomogeneities of the 
plasma density differs significantly from the kinetic equation for the waves in a homogeneous 
plasma. The problem of localization on the spectrum of the Langmuir waves in regions near 
the minima of the plasma density is also considered. A solution of the kinetic equation for the 
waves, which describes this process, is obtained. 

A number  of papers  [1-3] have dealt with the influence of a weak inhomogeneity of p lasma density on 
the effective interaction of par t ic les  and waves in a plasma. The presence  of an inhomogeneity in real  ex- 
per iments  may great ly dis tor t  the dynamics of such p rocesses  in compar ison with the model conditions of 
the homogeneous plasma.  Thus, in [1] it is indicated that an appreciable change takes place in the spec t rum 
of the Langmuir  waves generated by an electron beam as a resul t  of the existence of a weak inhomogeneity 
in the p lasma density in the beam propagation direction. The method of [1] can be applied to an analysis  of 
the nonlinear interaction of Langmuir  waves of a one-dimensional  spectrum. 

Following [1], we consider  a one-dimensional  inhomogeneity of the p lasma density in the fo rm 

n (x) = no (x0) + a n  (z) (0 .1)  

where n o is the average value of the concentrat ion and An(x) is a small  t ime-independent  deviation on the 
concentrat ion f rom the mean value. The spatial scale of the lnhomogeneity a is assumed to be much la rger  
than the charac te r i s t i c  wavelengths of the spec t rum under consideration,  

a ~  (0.2) 

Under this condition, the Langmuir  waves in the p lasma can be descr ibed as a superposit ion of quasi-  
par t ic les  (wave packets) whose distribution function sat isf ies  the Liouville equation 

ON -4- 0o) ~N 0o) ON = 2~(N (0.3) 
Ot ' Ok Ox Ox Ok 

where N=N (k, x, t) is the spectra l  density function of the quasipart ic les ,  w =w (k, x) is the solution of the 
dispers ion equation, and y = y  (k, x, t) is the increment  of the nonlinear scat ter ing of the Langmuir  waves 
by the p lasma par t ic les ,  for  in the absence of intense nonpotential oscillations in an isothermal  plasma,  the 
conservat ion laws forbid th ree -p lasmon  p roces se s  for Langmuir  waves of a one-dimensional  spect rum (it 
is assumed that the l inear  dampening is exponentially small). 

Near  the minimum density, the dispers ion equation for the Langmuir  waves takes the following form: 

no a~ -~- 3k~v~ (0.4) 

= - 7 ,  ~(x0)= ~ 
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H e r e  x 0 is the coordinate  of the min imum of the density,  An is the depth of the " inhomogenel ty well" 
(henceforth r e f e r r e d  to s imply  as "well") ,  and a is its width. 

When moving along the t r a j e c t o r y  

co (k, x) = ~ (k0, z0) (0.5) 

quas ipa r t i c l e s  with a suff icient ly smal l  wave number  

An ~ De 2 =  V~e ( 0 . 6 )  
k~ < 3 ,o l)e~ ' o)~ 

(the subsc r ip t  0 will hencefor th  pe r ta in  to quanti t ies speci f ied  at the cen te r  of the well) exper ience  r e f l ec -  
t ion f r o m  the walls of the well  at points where  

k (x, ko) = 0 (0.7) 

[the function k(x, k0) is obtained f r o m  the t r a j e c t o r y  (0.5)]. 

We shall  henceforth cal l  such quas ipar t i c les  t rapped,  and the i r  t r a j e c t o r i e s  spaces  a re  finite. The in-  
f luence of the inhomogenei ty on the p r o c e s s  of nonlinear  sca t t e r ing  will be apprec iab le  if 

o<§ 
and in the opposi te  case  the p r o c e s s  will t e r m i n a t e  before  the inhomogeneity has t ime  to g rea t ly  d is tor t  the 
t r a j e c t o r y  of the quas ipar t ic le  in the (k, x) phase  space.  

According to  [4], the max imal  nonlinear  inc rement  is de te rmined  by sca t t e r ing  by ions, and its o rde r  
of magnitude is 

Tm ~ o)p~W / nTe, W = ~pe ~ Ndk (0.9) 

where  W is the energy  densi ty  of the Langmui r  waves,  Taking (0.8) and (0.9) into account, we can wri te  
down the inequali ty 

W /nTe .~D~. /a  (0.10) 

which imposes  a l imi ta t ion on the energy  density of the Langmui r  osci l la t ions,  the in teract ion of which with 
the pa r t i c l e s  is g rea t ly  influenced by the inhomogeneity.  

The condition for  the appl icabi l i ty  of the nonlinear equations 

N ~  ~ W / nT . ~  l ,  ND~ = 4~3rinD83 (0.11) 

in conjunction with (0.10), imposes  on the p l a s m a  density,  for  which the analysis  that follows is valid,  the 
upper  bound 

n ~ 3. i0-~a -1 (Te / e2) ~ (0.12) 

1. A v e r a g e d  K i n e t i c  E q u a t i o n  f o r  W a v e s  

According  to [1, 2], the kinet ic  equation for  the waves ,  ave raged  over  the inhomogenei t ies ,  t akes  the 
fo rm 

ON/Ot = 2 <T > N (1.1) 

For  t rapped  quas ipar t i c les ,  this  equation desc r ibe s  the change in the number  of p lasmons  at any 
point of the t r a j e c t o r y  of the i r  motion (e.g., at the min imum density),  and the spec t r a  with r e spec t  to k and 
w a re  r igo rous ly  re la ted  at this  point by Eq. (0.5) 

X2 X~ 

El Xl 

Here  x 1 and x 2 a re  the turning points of the p lasmon (Fig. 1), and are  de te rmined  f r o m  (0.7), while 
Ow (x)/Ok is de te rmined  f r o m  (0.5). 

In addition to [1, 2], it is n e c e s s a r y  to make the following r e m a r k s  with r e spec t  to the nonlinear 
sca t te r ing:  s ince 
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Fig. 1 

, ,, 
r xj; 

T (k) = I w (k, k') N (k') dk'  (1.3) 

w h e r e  w(k, k ')  is the  s c a t t e r i n g  m a t r i x  e l emen t ,  and s ince  the 
r eg ion  in the  wel l  w h e r e  q u a s i p a r t i c l e s  with 11%' I < I1%] can 
ex i s t  is s m a l l e r  (Fig. 1) than  the  r eg ion  w h e r e  q u a s l p a r t i c l e s  
with w a v e  n u m b e r  k 0 ex i s t ,  the  i n t e g r a l s  in (1.2) mus t  in fac t  
be  t a k e n  b e t w e e n  the c l o s e s t  l i m i t s  of the  r a n g e  in which the  
two i n t e r a c t i n g  w a v e s  exis t .  

Owing to  the change  of the p h a s e  v o l u m e  in k s p a c e  
when moving  the  t r a j e c t o r y  (0.5), it is  conven ien t  to  change  

o v e r  in (1.3) to i n t e g r a t i o n w i t h  r e s p e c t  to  ~o by us ing  r e l a t i on  (0.5). T a k i n g  into account  the  inequal i ty  
(0.8) and the  s y m m e t r y  of the  wel l  with r e s p e c t  to  the point  of the  m i n i m u m  densi ty ,  we can w r i t e  

xa 
~2 

: i \--~-/ J ~ f dk' (w (k, k '))  N (k') 
x0 

T h e  In t eg ra t ion  in (1.4) can be c a r r i e d  out by mak ing  the change of v a r i a b l e s  

(I .4) 

2 k ydy b2 An ~ (xo) a -2 
Y ~--~ -~o' dx (i -- y~)V, b ' 3n0 ko2V2Te 

in which c a s e  the  points  x 0 and x 2 go o v e r  into 1 and 0, r e s p e c t i v e l y .  If the  in t eg ra t ion  l i m i t s  a r e  d e t e r -  
mined  by the k '  t r a j e c t o r y ,  then  the uppe r  l imi t  wi l l  be  x'2, which is  the point  of r e f l e c t i on  of the k '  wave  
and c o r r e s p o n d s  in t e r m s  of the new v a r i a b l e s  to the  point  [ 1 -  (k o'/ko) 2] 1/2 

In s c a t t e r i n g  by  p a r t i c l e s  we have ,  in a c c o r d a n c e  with [4], 

T~ ( k ) =  B~ i dk 'N  (k') ~ ~  -- o) exp [ - -  + ( I k'C~ c ~  k [ VT~ )2] 

v ~  = T~ / rn~ (~ = ~, e) (1.5) 

B,, = (n)~/~ / 32D~2nrn~v~ (1.6) 

Recogn iz ing  that  n e i t h e r  w no r  w' v a r i e s  on the  t r a j e c t o r y  (0.5), and r e p l a c i n g  the  exponent ia l  by the 
H e a v i s i d e  ~ - f u n c t i o n  

exp (--  x 2) ~ ~ (t - -  x~), 
i ,  x > / 0  

~ ( x ) =  0, x ~ 0  (1.7) 

we can c a r r y  out the  en t i r e  i n t eg ra t ion  and obtain  fo r  (7(k)} the  fol lowing e x p r e s s i o n :  

- - a r c s i n [ t  --(ko'/ko)~]'(~, (nn') = --  t ]k~176 
X ~ - - a r c s i n [ l - - ( k o / k o ' ) ~ ]  1/2, ( n n ' ) = l  ) 

arc sin [1 - -  (ko / ko')2] 1/2, (nn') = - -  1 / I ko' l ~ I kol 
n = k / i k l ,  n ~ = k ' / l k '  I 

(1.8) 

We note tha t  none of the  p a r a m e t e r s  c h a r a c t e r i z i n g  the  shape  of the  d e n s i t y - i n h o m o g e n e i t y  w e l l i s  
con ta ined  in the  f ina l  r e su l t .  

T h e  change  of the  a v e r a g e  m a t r i x  e l e m e n t  (w (k, k ' ) )  (1.4) in c o m p a r i s o n  with w(k, k ')  in a h o m o -  
geneous  p l a s m a  is t r i v i a l  when I k '  I << I kl �9 

In th i s  ca se  

(u, (k, k '))  -- k'k-Zw (k, k') 
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since,  unlike the homogeneous p la sma ,  where  the k wave in te rac ts  on the en t i re  length of its exis tence with 
the k T wave, the in te rac t ion  in a weakly inhomogeneous p l a s m a  takes  place only on the path of the k T wave, 
which is s m a l l e r  by a f ac to r  k / k '  (according to (0.4), the ranges  in the well  a re  re la ted  like the wave num- 
b e r s  at the min imum-dens i ty  point). 

The  ave raged  kinet ic  equation (1.1), with an inc rement  of the types  (1.8), desc r ibes  the change of the 
number  of quas lpar t l c les  at the level  [on the t r a j e c t o r y  (0.5)]. Unlike the case  of a homogeneous p lasma ,  
where  the descr ip t ion  pe r t a ins  to the spec t r a l  density pe r  unit volume,  the normal iza t ion  ra t io  is also su i t -  
ably a l t e r ed  In this  case .  

Since 

L (k) ~ ak (c~ / 3n0 V/,\ ) 

where  L(k) Is the length of the quas lpar t i c le  t r a j e c t o r y  in the well,  it follows that  the number  of waves  on 
the t r a j e c t o r y  is 

p (k) = L (k) N (k) 

and Eq. (1.!) can be wri t ten  in the f o r m  

OPot(k) : /9 (k) I dk 'P  (k') q~ (k, k'), q~ (k, k') = --  (p (k', k) 

He re  q (k, k') depends a l ready  on the shape of the well, and its f o r m  can be eas i ly  obtained f r o m  a 
compar i son  of (1.1) and (1.8). 

2 .  N o n l i n e a r  S c a t t e r i n g  b y  I o n s  

According to [4], in the spec t r a l  region 

k ~ (mJrn{)'/. D; ~ ~- k* (2.1) 

the predominant  effect  in the direct ion of Langmui r  waves  with ions is s ca t t e r ing  through an angle ~ with 
a sma l l  change of the modulus of the wave vec to r ,  tn this  case ,  owing to the difference,  a lbei t  smal l ,  b e -  
tween the ranges  in the well,  the kinet ic  equation for  the wave,  which takes into account the predominant  
in terac t ion  of waves  having c lose  wave numbers ,  acqui res  an additional t e r m .  

Let  

Then 

k' = - - k - ~ 6 k ,  (k.5k)/[kl  I5kl = 1 

ot = ~ N ( k )  d k ' N ( k ' ) ( k ' - - k ) : - - ~ ] ~ N ( k )  d(6k) •  
0 

(2.2) 

but 

_ 2 O N  (k) - k  N (-- k + 5k) --  N (-- k 5k) ----- N + (-- k) --  N- (-- k) + _ ~ 5k (2.3) 

where  

N + ( - -  k) = N (- -  k + 5k) ON ON ---3~-_k 6k, N- (-- k) = N (-- k --  6k) + -~ -  [_k 6k 

In a homogeneous p l a s m a  Eq. (2.2) takes  the f o r m  

-k '  3 (n) v' ov~ (2.4) 

In the case  of an inhomogeneous p l a s m a  the expansion (2.3) does not reduce  m e r e l y  to a different ia l  
t e r m ,  since the spat ia l  regions  of the ex is tence  of the quas ipa r t i c les ,  which a re  c h a r a c t e r i z e d  by the num- 
b e r s  N+(-k) and N ( - k )  of the waves ,  differ  by an amount ~ k ' a / k 0 ,  as the resu l t  of which the difference 
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Fig.  1 

k-6k 

7 (k) = j w (k, k') N (k') dk' (1 03) 

w h e r e  w(k, k') is the  s c a t t e r i n g  m a t r i x  e l e m e n t ,  and s ince  the 
r eg ion  in the  wel l  w h e r e  q u a s i p a r t i c l e s  with I k0' I < I k0 ] can 
ex i s t  is s m a l l e r  (Fig. 1) than  the  r eg ion  w h e r e  q u a s i p a r t i c l e s  
with wave  n u m b e r  k 0 ex is t ,  the  i n t e g r a l s  in (1.2) mus t  in fac t  
be  t a k e n  be tween  the c l o s e s t  l i m i t s  of the r a n g e  in which the  
two interacting waves exist. 

Owing to the change of the phase volume in k space 
when moving the trajectory (0.5), it is convenient to change 

o v e r  in (1.3) to i n t eg ra t i on  with r e s p e c t  to  w by us ing  r e l a t i on  (0.5). T a k i n g  into account  the  inequal i ty  
(0.8) and the  s y m m e t r y  of the  wel l  with r e s p e c t  to  the point  of the  m i n i m u m  densi ty ,  we  can w r i t e  

x~ 
( O~ O(O' '~-I <~'(k)>=Id~'N tk'@')][l w ( k , k ' ) \ 7 ~ - - ~ 7 ;  dx: 

xo 
~2 
i 0",~ -1' : ( ' ~ ) d x j = - f d k ' ( w ( k , k ' ) } N ( k ' )  
Xo 

(1.4) 

T h e  in t eg ra t i on  in (1.4) can be  c a r r i e d  out by mak ing  the  change of v a r i a b l e s  

k y@ b2 An r (zo) a -2 
Y ~ -~'o' dx - -  (i - -  yZ)%b ' 3no ko2v~e 

in which c a s e  the  poin ts  x 0 and x 2 go o v e r  into 1 and 0, r e s p e c t i v e l y .  If the in t eg ra t ion  l i m i t s  a r e  d e t e r -  
mined  by the  k '  t r a j e c t o r y ,  then  the u p p e r  l imi t  wil l  be  x'2, which is the point  of r e f l e c t i o n  of the k '  wave  
and c o r r e s p o n d s  in t e r m s  of the new v a r i a b l e s  to the  point  [ 1 -  (k o'/ko)2 ] 1/2. 

In s c a t t e r i n g  by  p a r t i c l e s  we have ,  in accoi :dance  with [4], 

i . . . .  ~ 1 7 6  [ +( ~176 7~ (k) = B~ dk'N tK ) ~ exp - -  l k '  - -  k ] VT~ 

v ~ :  T~/m~ (a=i,e) (1.5) 

B~ = (g)'/' / 32D~nm~vT.~, (1.6) 

Recognizing that neither o0 nor w' varies on the trajectory (0.5), and replacing the exponential by the 
Heaviside 0-function 

exp (--  x ~) ~ ~% (l - -  x2), 
x>O 

@ (x) = {1o: x<O (1.7) 

we can c a r r y  out the  en t i r e  i n t eg ra t ion  and obta in  fo r  {7(k)) the  fol lowing e x p r e s s i o n :  

( 7 ~ ( k ) ) = B ~ ( d k k N ( k ) ~ @  i-- X 

i --{~--arcsin[i--(ko' /ko)~]' /~},  (nn') = i } 
I ] --arcsin[l--.(ko'/ko)~]~#, (nn') - - t  [k~176 

X -~- | n - -  arc sin it  - -  (ko/ko')~] v~, (nn') = i 
/ arcsin[l--(ko/ko')~]'/~, (an') - - i  t t k o ' l > l k o t  

n = k / [ k  l, n' = k ' / I k ' [  

(1 .s) 

We note tha t  none of the p a r a m e t e r s  c h a r a c t e r i z i n g  the  shape  of the  d e n s i t y - i n h o m o g e n e i t y  wet l  is 
con ta ined  in the f inal  r e su l t .  

T h e  change  of the  a v e r a g e  m a t r i x  e l e m e n t  (w (k, k')) (1.4) in c o m p a r i s o n  with w(k, k ')  in a h o m o -  
geneous  p l a s m a  is t r i v i a l  when [k  t [<< l k[ �9 

In th i s  ca se  

<w (k, k '))  = k'k-lw (k, k') 
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since,  unlike the homogeneous p la sma ,  where  the k wave in te rac ts  on the en t i re  length of its exis tence with 
the k '  wave, the in te rac t ion  in a weakly inhomogeneous p l a s m a  takes  place only on the path of the k '  wave, 
which is s m a l l e r  by a f ac to r  k / k '  (according to (0.4), the ranges  in the well  a re  re la ted  like the wave num- 
b e r s  at the min imum-dens i ty  point). 

The ave raged  kinet ic  equation (1.1), with an increment  of the types  (1.8), desc r ibes  the change of the 
number  of quas ipar t i c les  at the ].evel [on the t r a j e c t o r y  (0.5)]. Unlike the case  of a homogeneous p l a sma ,  
where  the descr ip t ion  pe r t a ins  to the s pec t r a l  densi ty pe r  unit volume,  the normal iza t ion  ra t io  is also su i t -  
ably a l t e red  in this case .  

Since 

{ [ 3n0 \ % \  
L (k) --= V =  A-n aO) ) 

where  L(k) is the length of the quas lpar t i c le  t r a j e c t o r y  in the well,  it follows that the number  of waves  on 
the t r a j e c t o r y  is 

P (k) = L (k) N (k) 

and Eq. (1.1) can be wri t ten  in the f o r m  

0P0t(k) = p (k) I dk 'P  (k') T (k, k"), qD (k, k') ----- - -  ~ (k', k) 

Here  ~ (k, k') depends a l ready  on the shape of the well, and its f o rm can be eas i ly  obtained f rom a 
compar i son  of (1.1) and (t.8). 

2 .  N o n l i n e a r  S c a t t e r i n g  b y  I o n s  

According to  [4], in the spec t r a l  region 

k ~ (mdmi) 1/, D~ 1 = k* (2.1) 

the predominant  effect  in the di rect ion of Langmui r  waves  with ions is sca t t e r ing  through an angle ~ with 
a smal l  change of the modulus of the wave vec tor .  In this  case ,  owing to the difference,  albei t  smal l ,  be -  
tween the ranges  in the well,  the kinet ic  equation for  the wave,  which takes  into account the predominant  
in teract ion of waves  having close wave numbers ,  acqui res  an additional t e r m .  

Let  

k ' :  - - k + S k ,  ( k - 6 k ) / I k 1 1 8 k t  = ~ 

Then 
k* 

 N(k, f f ot ~ ~ ~N(k) d k ' N ( k ' ) ( k ' - - k )  = --~,~N(k) d(6k) • [ N ( - - k + 6 k ) - - N ( - - k - - b k ) 1 6 k  
0 

(2.2) 

but 
ON (k) 

N(-- k + 6k)-- N ( - - k - -  8k) = N + ( -  k ) - -N- ( - -  k) + _ ~  -kSk (2.3) 

where  

ON ON, I 
g+( - -  k) ~ N ( - - k +  8 k ) - - - ~ -  _kSk, N- ( - -  k) = N ( - - k - - 8 k )  + -~-{_kSk 

In a homogeneous p l a s m a  Eq. (2.2) takes  the f o r m  

ON -k '  ~i ----- _-3 --'(~V' COpe 0._N _(k) 
Ot 

(2.4) 

In the case  of an inhomogeneous p l a s m a  the expansion (2.3) does not reduce  m e r e l y  to a di f ferent ia l  
t e r m ,  since the spat ia l  regions  of the exis tence  of the quas ipar t i c les ,  which a re  c h a r a c t e r i z e d  by the num- 
b e r s  N+(-k) and ~ ( - k )  of the waves ,  differ  by an amount ~ k ' a / k0 ,  as the resu l t  of which the difference 
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The sca t t e r ing  of waves  of a s p e c t r u m  local ized in a well  is desc r ibed  in t e r m s  of the number  of 
waves  on the t r a j ec to ry .  The  need for  modifying Eq. (2.4), which co r r e sponds  to a homogeneous p l a sma ,  
becomes  obvious if it is recognized  that  i n a n i n h o m o g e n e o u s p l a s m a t h e  number  ofwaves  pe r  unit volume is 
not conse rved  in sca t t e r ing  p r o c e s s e s .  

In conclusion, the author thanks A. S. Kingsep for  suggest ing the p rob l em and for  d i rec t ing  the  work. 
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